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S1 Sample preparation and characterization
A high quality Fe 3 O 4 single crystal was used for the experiments. The single crystal was grown at the Max-Planck Institute for chemical physics of solids in Dresden. Magnetic measurements were performed to ensure that the sample is highly stoichiometric. Figure S1a shows a sharp first order Verwey transition at ∼ 125 K which confirms the appropriate metal/oxygen ratio. The magnetization curve measured along the [001] direction at 170 K is shown in Figure S1b . An external field of ∼ 0.2 T saturates the magnetization along the magnetic hard axis and no remnant magnetization is evident when the field is removed. This means that using ∼ 0.4 T permanent magnet is sufficient to fully orient the magnetization of Fe in Fe 3 O 4 . The orientation of the sample was checked after gluing it on the sample holder for the two experimental configurations discussed in the main paper. A miss-cut of ∼ 2.4 • was found ( Figure S2 ).
The crystallinity and homogeneity of the sample were investigated by measuring the rocking curve for the (008) reflection at 20 keV as a function of the beam position on the sample (see Figure S3 ). The full width half maximum (FWHM) of the diffraction peak is ∼ 0.002 • demonstrating the high crystallinity of the sample. We measured the rocking curve at several random sample positions to assess the homogeneity of the sample. Only minor differences in the FWHM and intensity have been observed. 
S2 RIXS measurements Experimental energy resolution
Here we discuss the determination of the experimental resolution and energy calibration for the measurement. The elastic scattering of a carbon tape was measured in the energy range between 705 eV to 709 eV where we focus our RIXS measurements. The scattered signal was recorded on three detectors labeled hereafter detector 1, 2 and 3. Detector 2 is the central detector. Figure S4 shows the elastic scattering as a function of the incident energy for the three detectors. We fitted the scattering intensity with a pseudo-Voigt profile to determine the center and the FWHM of the peaks as shown in Figure S4 ). Now the relation between the energy and pixels can be deduced. The slope of the lines shown in Figure S5 give the pixel/energy ratio of the three detectors. Finally, we can compute the experimental resolution as a function of energy by dividing the FWHM obtained from the fitting by the pixel/energy ratio. The average experimental resolution (FWHM) of the three detectors is shown in Figure S6a . However, we noted that detectors 1 and 2 show better resolution than detector 3 (see Figure S6b ). The average resolution of detectors 1 and 2 at ∼ 709 eV is ∼ 76.2 meV. We therefore use the signal only from detectors 1 and 2 to determine the energy position of the spin-flip excitations and only added up detector 3 after the energy determination. 
S2.1 Beam damage and reproducibility
We report in this section on the reproducibility of the measurements and the beam damage check. A RIXS spectrum was measured at a single sample position as a function of exposure time to evaluate the reproducibility and check for beam damage effects. Figure S7a shows the RIXS measurements with a total of 20 min exposure time in steps of 5 min shots. We chose to do the test at an incident energy that shows several strong dd excitations to carefully monitor any spectral changes. The result from the four measurements are consistent and hence it can be concluded that measurements of 20 min are stable. We chose to limit the exposure time to 10 min per sample spot to be well in the tested region for all the measurements presented in the paper. S-5
S2.2 RIXS-MLD measurements
The RIXS angular dependence measured with the external magnetic field aligned parallel to the incident wave vector (k in ), i.e. in the MCD configuration are presented here. The RIXS angular dependence was measured by rotating the incident polarization (ε in ) with respect to the crystallographic direction and the external magnetic field. Almost no angular dependence was observed for the spinflip excitation as can be seen in Figure S8a . Only some minor variations are observed due to the sample miss-orientation with respect to the magnetic field and incident beam. In this case, the angle between ε in and the magnetic moment does not change as a function of the incident polarization rotation and hence only the elastic peak exhibits significant angular dependence due to the zero's order elastic scattering cross-section. This is also confirmed by the comparison of the RIXS-MLD ( Figure S9 ) measured at E A in the MCD configuration (B aligned ∥ to the [001] axis plotted in black) and that in the MLD configuration (B aligned ⊥ to the [001] axis plotted in red). The RIXS-MLD is computed for both cases by subtracting the RIXS measurement with horizontal polarization (H(90)) from that measured with vertical polarization (V(0)). It can be seen that in the MCD configuration, the intensity of the spin-flip excitation is less than ∼ 20% while in the MLD configuration it is ∼ 75%. 
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S3 Calculations S3.1 Model description
In this section we report the details of the ligand field multiplet calculations employed. The calculations were performed using the quantum many-body program Quanty 1-3 . Details regarding the theoretical model can be found in Ref. 4 . Three independent Fe sites were considered for the calculations: Fe 3+ in tetrahedral symmetry (T d ), Fe 3+ in octahedral symmetry (O h ), and Fe 2+ in O h symmetry. Temperature effect was taken into account by using a Boltzmann distribution for the initial state. The parameters used for the calculations are reported in Table S1 . The parameters F
pd , and G (3) pd are the Slater integrals. SOC d (SOC p ) is the spin-orbit coupling at the 3d (2p) orbitals. 10D q is the crystal field parameter. H ex is the exchange field.
S3.2 XMCD calculations
Here we report on the XMCD measurements and calculations discussed in the paper. The XMCD measurements were performed in total electron yield mode. The results agree well with previous measurements 5-10 and confirm the good stoichiometry and surface quality of the sample. In Figure S10a we compare our experimental data to that measured by Goering et. al. 8 . The data overlap well and only minor differences are observed. These are possibly related to differences in the experimental resolution and minor sample misalignment. Theoretical calculations of the contributions of the three Fe ions to the XMCD signal is shown in Figure S10b . 
S3.3 RIXS-MCD calculations
The individual contributions of the different Fe sites to the RIXS cross-sections are shown in Figure S11. It can be seen in Figure S11a that the main contributor to the spin-flip excitation peak at excitation energy E A is the Fe A site. On the other hand, at excitation energy E B , the Fe B site is the main contributor to the spin-flip excitation peak ( Figure S11b ).
S3.4 Charge transfer RIXS calculation
Cluster calculations including charge transfer between the Fe 3+ T d cation and the surrounding four O 2anions were performed to investigate the effect of hybridization on the angular dependence of the spin-flip excitation. Two calculations were performed, namely, π and σ types. Additional parameters used for the calculations are reported in Table S2 . The parameters used follow the definitions presented in Ref. 11 where ∆ is the charge transfer energy, U dd and U pd are the dd and pd Coulomb interactions. T is the hybridization interaction. Parameters (eV) π type σ type ∆ 1.5 1.5 U dd 6.5 6.5 U pd 7.5 7.5 T 1.7 3.2 
S3.5 Thomson elastic scattering
The scattering cross-section measured at zero energy loss has significant contributions from the first order non-resonant scattering process, the Thomson scattering, in addition to the second order resonant scattering process, the Kramers-Heisenberg scattering (i.e. our RIXS measurement). The Thomson scattering cross-section is given by Equation (1):
where ε in (ε out ) is the incident (outgoing) polarization vector. P gives the rate of polarization of the photons (P = 1 for perfectly linear polarized beam) and r o is the classical radius of a point particle. The Thomson scattering cross-section hence exhibits angular dependence that is given by the term |ε * out · ε in | 2 . In our RIXS-MLD measurements, ε in is linearly polarized while ε out is unpolarized (i.e. we do not detect the outgoing polarization). The unpolarized photon can be expressed by the average over two perpendicular polarizations as detailed by Juhin et. al. 12 . We choose to express ε out in terms of the horizontal (H out ) and vertical (V out ) outgoing polarization vectors. Figure S12 shows the angular dependence expected for the Thomson scattering cross-section as a function of the incident polarization vector rotation (ϕ rotation depicted in Figure S12 ). Figure S12a shows the angular behaviour for a scattering geometry 2θ = 90 • . In this case the H out contribution (shown in blue) is always zero while the V out contribution exhibits a clear angular dependence. We hence reach the common knowledge that the Thomson scattering contribution is equal to zero for ϕ = 90 • (i.e. horizontal incident polarization). On the other hand, for 2θ = 180 • scattering geometry both H out and V out exhibit angular dependence, yet their summation (i.e. the unpolarized beam) is constant (see Figure S12c ). Hence, in this case, any angular dependence observed would be from the resonant cross-section. It was our aim to perform the experiment in back scattering to have a constant background from the Thomson scattering, however this was not experimentally possible. We therefore have performed the experiment at 2θ = 130 • , the maximum scattering angle achievable at the beamline. In our case, the H out and V out only partially compensate each other and some angular dependence is expected for the Thomson scattering (see Figure S12b ). We have included this effect in our calculations.
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S4 Spin-flip peak fitting
Here we report on the peak fitting of the spin-flip excitations discussed in the paper. We modelled the low energy part of the RIXS signal using three Voigt peaks. The fitting was done independently for the RIXS slices at E A = 708.8 eV and E B = 709.1 eV as the spin-flip excitations are possibly at different energy loss values for both incident energies. The fitting result finds a single spin-flip peak at 95 meV and a double spin-flip excitation peak at 180 meV when exciting at incident energy E A . At E B , the best fit was obtained with a single spin-flip peak at 89 meV and a double spin-flip peak at 180 meV. The fits for the two incident energies are shown in Figure S13 and Figure S14 respectively. The results of the fitting (center of the peak (µ) and full width half maximum (FWHM)) are presented in Table S3 . We remark here that the third peak used in the fitting can be assigned to a double spin-flip excitation and not a background signal. This becomes evident when we plot the data on a logarithmic scale as shown in Figure S15 . A clear shoulder is seen in Figure S15a 
S5 Higher order spin-flip excitations
We discuss here the possibility of obtaining higher order spin-flip excitations i.e. ⟨∆S z ⟩ = ± 3h, 4h and 5h. Figure S16 shows Fe 3+ 2p3d isotropic RIXS calculation for a spherical atomic symmetry and for O h symmetry. In the atomic case, only single and double spin-flip excitation are observed ( Figure S16a) , however for O h symmetry tripple, quadruple and quintet spin-flips can be observed ( Figure S16b ). The spin-flip process is allowed in the atomic case due to the large 2p spin-orbit coupling in the intermediate state. The selection rule is thus ∆M J = ±1 for the absorption and emission transitions leading to a maximum change of ∆M J = ±2. However, for a crystal field calculation, the crystal field potential and spin-orbit coupling mixes states with different angular momenta. This mixing of momenta allows for the observation of higher order spin-flip excitations despite the selection rule ∆M J = ±2. The crystal field effect combined with 3d spin-orbit coupling implies that J seizes to be a good quantum number. Table S4 and Table S5 show the expectation values of the first six states of an Fe 3+ ion in spherical (atomic) symmetry and in octahedral symmetry (10D q = 1.2 eV) respectively. In the latter case, each state (including the ground state) is not pure in its J-character.
The intensity of higher order spin-flip peaks is due to the ∆M J = ±2 transitions from the ground state S-12 to the excited states containing a mixture of J-characters.
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S6 Saturation and self-absorption effects
We investigate the effects of saturation and self-absorption on the RIXS-MLD measurements. The intensities of the RIXS features measured on the thick single crystal is modified due to saturation and self-absorption effects. This becomes evident from Equation (2) that expresses the correction for the RIXS intensity for an infinitely thick sample (with respect to the X-rays) as follows:
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Where:
• µ Fe (E in ) is the absorption coefficient of Fe (which is energy-dependent at the L 2,3 resonance edge).
• µ B is a constant absorption coefficient of the background, i.e. all absorption coefficients other than the Fe L 2,3 edge.
is the absorption coefficient of Fe at the X-ray emission energy of the Fe L 2,3 edge E out−Fe .
• µ Fe (E out−B ) is the absorption coefficient of Fe at the X-ray emission energy of the background E out−B .
• α Fe and α B is the efficiency of the X-ray emission decay of Fe and the background respectively.
For simplicity, we consider that µ Fe (E in ) ≫ µ B at the energy of the L 3 main resonance of Fe. Furthermore, µ Fe (E out−Fe ) ≫ µ B (E out−Fe ). We note that this assumption breaks at the pre-edge 13, 14 .
Equation (2) simplifies to the following (Equation (3)) under these assumptions:
Figure S17 shows a comparison between the calculated Fe 3+ A site RIXS map without (Figure S17 a) and with correction ( Figure S17 a) . We indeed observe a visible modification in the intensity ratios of the RIXS features which has prevented the application of sum rules on RIXS meausrements as discussed in Refs. Braicovich et. al. 15 . A full calculation is necessary to be able to extract useful information from the measurements.
A more crucial aspect to inspect is the effect of saturation and self-absorption on the polarization dependence of RIXS from which we can quantify the orbital momentum. The angular dependence has been measured by rotating the incident polarization and keeping all other scattering parameters constant. A schematic of the experiment is shown in the top panel of Figure S18 . Although the geometrical parameters of the experiment are kept constant, the RIXS spectra measured on the single crystal may be distorted. The absorption cross-section changes as a function of the incident polarization angle which means that the probing depth (and escape length) of X-rays consequently is modified. Figure S18 shows a comparison between the RIXS angular dependence without ( Figure S18a ) and with the correction (Figure S18b ). Although the intensity is modified, the angular dependence is only minority distorted. A cut through the elastic and spin-flip features as a function of the polarization rotation is depicted in Figure S19 . It can be concluded that the phase shift correction is not strong and that it is possible to quantify with sufficient accuracy orbital contributions to the angular momentum from the data. 
